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Abstract
In this work, an economic growth model with endogenous labor shift under a dual economy is given. It is proved that the model
has unique nonzero equilibrium and its solution is globally asymptotically stable, and the aggregate capital growth of the industrial
sector and the labor shift appear in eight different patterns at different initial conditions.
c© 2007 Elsevier Ltd. All rights reserved.
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1. Introduction
The distinctive character of the dual economy was well described in Arthur Lewis’s static analysis model [1], in
which he argued that the survival wage can be promoted only after all the surplus labor in the agricultural sector is
completely transferred into the industrial sector. The labor shift from the agricultural sector to the industrial sector is
a necessary process for developing countries to realize industrialization. Rostow [1] describes this process by using a
descriptive method, and Kejak [2] gave an optimal model for studying this problem.
Generally, the wage difference is the major cause of bringing about the labor shifts. An economic growth model
with regional labor transfer caused by the regional wage difference is given by Bao et al. [3].
In this work, we assume that the speed of labor shifts is stepped up by the wage difference and hindered by the
quantity of the labor in the industrial sector: the more labor used in the industrial sector, the more difficult for the other
labor from the agricultural sector to enter it. On the basis of this fact, we obtain a labor shift equation. Integrating with
the capital accumulation equation of the industrial sector, we obtain the endogenous labor shift model described by
a two-dimension dynamical system. It is proved that the dynamical system has a unique nonzero equilibrium and its
solution is globally asymptotically stable, and the initial capital and labor in the industrial sector have a substantial
effect on the capital growth of the industrial sector and the labor shift.
2. Set-up of the model
The economy consists of two sectors: sector I stands for the industrial sector and sector II for the agricultural sector.
In sector I, all the firms have an identical neoclassical technology and produce output by using labor and capital. The
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production function, F(K , L), is neoclassical and satisfies the Inada conditions [4], where K , L are the capital and
labor force of sector I.
The net increase in the stock of physical capital of sector I is
K˙ = sF(K , L)− δK , (1)
where s, δ are the saving rate and capital depreciation of sector I.
Suppose that the labor in sector I is L0 at the initial time and the total amount of labor shifted from sector II to
sector I is M(t) at time t , so the aggregate labor in sector I is L0 + M(t) at time t .
Obviously, there are two main factors that affect the shift rate of the labor. One is the wage difference between the
two sectors which steps up the labor shift. The other is the labor capacity of the industrial sector which prevents labor
shift, for the more shifted labor in the industrial sector, the more difficult for the remaining agricultural labor to enter
it.
Assume that G, H are C1 functions satisfying that G(0) = H(0) = 0, G ′(·) > 0, H ′(·) > 0, limM→∞ H(M) =
∞, and the shift rate
M˙ = G(w(K , L0 + M)− w0)− H(M), (2)
where w(K , L0 + M) is the wage rate of sector I, w0 is the survival wage rate of sector II and w(K , L0 + M) − w0
is the wage difference of the two sectors.
From (1) and (2), we obtain the following dynamical system:{
K˙ = sF(K , L0 + M)− δK ,
M˙ = G(w(K , L0 + M)− w0)− H(M). (3)
3. The existence and uniqueness of the nonzero equilibrium
The dynamical system (3) has a nonzero equilibrium if and only if there exists a nonzero solution of the equations
below:
sF(K , L0 + M)− δK = 0, (4)
G(w(K , L0 + M)− w0)− H(M) = 0. (5)
Let k = KL0+M , f (k) = F( KL0+M , 1); then the intensive production function f (k) satisfies
f (0) = 0, f (∞) = ∞, f ′(0) = ∞, f ′(∞) = 0, f ′(k) > 0, f ′′(k) < 0, k > 0. (6)
Normalizing both sides of (4) with L0 + M , we have
s f (k)− δk = 0. (7)
This equation has a unique positive solution k∗ through (6).
Since the production function is neoclassical, the wage rate of sector I equals the margin production, that is,
w(K , L0 + M) = ∂F
∂L
= f (k)− k f ′(k), (8)
where L = L0 + M .
Denote the wage rate of sector I by w(k); then we have the following lemma:
Lemma 1. The functions w(k) increase strictly from zero to infinity, i.e., dwdk = −k f ′′(k) > 0, and limk→0w(k) = 0,
limk→∞w(k) = ∞.
Let k1 be the unique point such that w(k1) = w0; then for any k∗ > k1, we have G(w(k∗)− w0) > 0. For H(M)
strictly increasing from zero to infinity, the equation H(M) = G(w(k∗) − w0) has a unique positive solution M∗.
Therefore, we have
Theorem 1. If the positive solution of Eq. (7) satisfies k∗ > k1, then the dynamical system (3) has a unique nonzero
equilibrium (K ∗,M∗) ∈ R2+, where K ∗ = k∗(L0 + M∗).
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4. The linearized equation and the eigenvalues
In the following two sections, we assume that k∗ > k1, so the dynamical system (3) has a unique positive
equilibrium.
The linearized equation of the dynamical system (3) at the equilibrium (K ∗,M∗) is given by
y˙ = Ay, (9)
where A = (ai j )2×2, y = x− x∗ and ai j , i, j = 1, 2 are given by
a11 = s f ′(k∗)− δ < 0, a12 = s[ f (k∗)− k∗ f ′(k∗)] > 0, (10)
a21 = G ′(w∗ − w0)−k
∗ f ′′(k∗)
L0 + M∗ > 0, a22 = G
′(w∗ − w0) (k
∗)2 f ′′(k∗)
L0 + M∗ − H
′(M∗) < 0, (11)
where w∗ = w(K ∗, L0 + M∗) = f (k∗)− k∗ f ′(k∗).
The trace and the determinant of the matrix A are
tr A = a11 + a22 = s f ′(k∗)− δ − p(k
∗)k∗
L0 + M∗ − H
′(M∗) < 0, (12)
det A = a11a22 − a12a21 = −[s f ′(k∗)− δ]H ′(M∗) > 0, (13)
where p(k∗) = −k∗ f ′′(k∗)G ′(w∗ − w0) > 0.
By the discriminant
∆ = (tr A)2 − 4 det A
=
[
s f ′(k∗)− δ + p(k
∗)k∗
L0 + M∗ + H
′(M∗)
]2
− 4[s f ′(k∗)− δ] p(k
∗)k∗
L0 + M∗
> 0,
the characteristic equation, |λI− A| = λ2 − tr Aλ+ det A = 0, has two real roots
λ1 = tr A+
√
(tr A)2 − 4det A
2
, λ2 = tr A−
√
(tr A)2 − 4 det A
2
.
By (12) and (13), λ2 < λ1 < 0, that is the equilibrium of (9) is a sink, so by the Hartman–Grobman Theorem [5],
we obtain the following theorem.
Theorem 2. Under the condition k∗ > k1, the unique nonzero equilibrium of the dynamical system (3) is a stably
improper node, and the solution of (3) is locally stability.
5. The dynamics of the model
Let K1 = k1L0 and Ω = {(K ,M) | K > K1,M > 0}; then we have
Lemma 2. Eq. (5) determines a function M = g(K ) in Ω , which satisfies g′(K ) > 0 and
lim
K→K1
g(K ) = 0, lim
K→∞ g(K ) = ∞. (14)
Proof. Let R(K ,M) = G(w(K , L0 + M)− w0)− H(M); then
∂R
∂K
= G ′(·)(−k f ′′(k)) 1
L0 + M > 0,
∂R
∂M
= G ′(·) k f
′′(k)K
(L0 + M)2 − H
′(·) < 0
and for any given K0 > K1, there is unique M0 such that R(K0,M0) = 0 since the function G(w(K0,M) − w0) −
H(M) strictly decreases from G(w(K0, L0) − w0) > G(w(K1, L0) − w0) = 0 to −∞ on the interval (0,∞).
Therefore, by the implicit function theorem, the function M = g(K ) is decided by (5) and g′(K ) = − ∂R∂K∂R
∂M
> 0.
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Fig. 1. The dynamics of the model.
For limK→0w(K ,M) = limM→∞w(K ,M) = 0, limK→∞w(K ,M) = limM→−L0 w(K ,M) = ∞, it is not
difficult to check that (14) holds.
Now we inquire into the dynamics of the dynamical system (3).
Let Ω1 = {(K ,M) | K > k1(L0 + M),M > 0}; then Ω1 ⊂ Ω and the curve g(K ) is in the region Ω1 for
R(K ,M) = G(w(k1)− w0)− H(M) = −H(M) < 0 on the line M = Kk1 − L0.
By the Theorem 1, (3) has unique nonzero equilibrium in the region Ω1.
From the first equation of (3), we have K˙ = 0 on the line K = k∗(L0 + M) and K˙ < 0 above the line and K˙ > 0
below the line.
By the second equation of (3) and Lemma 2, we have M˙ = 0 on the curve M = g(K ) and M˙ < 0 on the left of
the curve and M˙ > 0 on the right of the curve.
Therefore, we obtain the phase portrait of the dynamical system as in Fig. 1.
From the portrait analysis of Fig. 1, we have following lemma.
Lemma 3. The open set Ω1 is a positively invariant set of the dynamical system (3).
Theorem 3 (Poincare´–Bendixson [5]). LetM be a positively invariant region for the vector field containing a finite
number of fixed points. Let us have p ∈M, and consider ω(p). Then one of the following possibilities holds. (1) ω(p)
is a fixed point; (2) ω(p) is a closed orbit; (3) ω(p) consists of a finite number of fixed points p1, . . . , pn and orbits
γ with α(γ ) = pi and ω(γ ) = p j .
Lemma 4. The dynamical system (3) has no closed orbit in the region Ω1.
Proof. The region Ω1 is divided into four regions by the line M = Kk∗ − L0 and the curve M = g(K ); denote them by
Ω11 ∼ Ω41 respectively (see Fig. 1). Any trajectory of (3) starting from regionΩ21 orΩ41 either comes to the equilibrium
or comes into the region Ω11 or Ω
3
1 and it cannot escape from Ω
1
1 or Ω
3
1 . So, it cannot have a closed orbit in region Ω1.
By Theorems 1 and 2, the unique fixed point (K ∗,M∗) is a sink in the region Ω1 and is locally asymptotically
stable by the Hartman–Grobman Theorem [5].
Let
M,b = {(K ,M) | b ≥ K ≥ k1(L0 + M)+ , b ≥ M ≥ 0},
where , b are positive constant and satisfy b > max{K ∗,M∗} > ; thenM,b ⊂ Ω1 and is a positively invariant
compact set of the dynamical system (3). For any given point p ∈ Ω1, there exists small enough  and big enough
b such that p ∈ M,b. So, by Theorem 3 and Lemma 4, ω(p) is the equilibrium. Therefore, the positive trajectory
starting from p will come to a small neighborhood of the equilibrium and then converge to the equilibrium. Thus, we
obtain the following theorem.
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Theorem 4. The solution of the dynamical system of (3) in the region Ω1 is globally asymptotically stable.
6. Discussion
From the phase portrait analysis of the model we know that there exist eight patterns of the industrial sector’s
capital growth and the labor shift under the dual economy, which are indicated in Fig. 1 by the trajectories P1 to P8.
Since the regions Ω11 and Ω
3
1 are positive invariant sets of (3), all trajectories starting from a point of these regions
will remain in them. So, the aggregate capital of the industrial sector and the shift of the labor increase strictly and
converge to the equilibrium (K ∗,M∗) along the growth path starting from a point of the region Ω31 , and the aggregate
capital of the industrial sector and the labor shift decrease strictly and converge to the equilibrium (K ∗,M∗) along the
growth path starting from a point of the region Ω11 .
From Theorem 2, the nonzero equilibrium of (3) is a stable improper node and all of solution curves of (3) would
be tangent with the characteristic direction corresponding to the eigenvalue λ1 at the equilibrium except for the two
solution curves which are tangent to the characteristic direction corresponding to the eigenvalue λ2 at the equilibrium.
It is not difficult to check that an eigenvector corresponding to λ1 is given by
v1 =
(
−a22
a21
+ tr A+
√
(tr A)2 − 4Det A
2a21
, 1
)T
.
Denote the angle between v1 and the positive direction of the x-axis by φ and have k∗1 = tan φ.
From (10) and (11), we have a12 = −k∗a11, a22 = −k∗a21 − H ′(M∗),
−a22
a21
+ tr A
2a21
= k∗ + a11 − k
∗a21 + H ′(M∗)
2a21
and
(tr A)2 − 4Det A = (a11 − a22)2 + 4a12a21
= [a11 − k∗a21 + H ′(M∗)]2 + 4k∗a21H ′(M∗).
Since 4k∗a21H ′(M∗) > 0, − a22a21 +
tr A+
√
(tr A)2−4Det A
2a21
> k∗ and we have k∗1 = tan φ < 1k∗ .
For L0+M
∗
K ∗ = 1k∗ and, except for the trajectories P3 and P4,
lim
(K ,M)→(K ∗,M∗)
M˙
K˙
= lim
(K ,M)→(K ∗,M∗)
dM
dK
= k∗1 <
1
k∗
,
we have
k˙
k
= K˙
K
− M˙
L0 + M =
K˙
L0 + M
(
L0 + M
K
− M˙
K˙
)
> 0, (15)
when (K ,M) is near enough to the equilibrium (K ∗,M∗).
Since the wage rate of the industrial sector w = w(k) is a strictly increasing function, it will increase near the
equilibrium. In spite of the per capita capital and wage rate increasing, such as the cases along the paths P6 and P8,
or decreasing, such as the cases along the paths P5 and P7, at first, they will increase near the equilibrium by (15),
except for the two special cases that are along the paths P3 and P4.
Now we focus on discussing the cases with low level initial aggregate capital and labor shifts, that is, we are mainly
concerned with the growth process of the industrial sector’s capital and the labor shifts from the agricultural sector to
the industrial sector in the dual economy. For K0 < K ∗, L0 < L∗, we confine the discussion to the three representa-
tive regions which are given by Ω˜i = Ω2 ∩ Ω i1, i = 2, 3, 4, where Ω2 = {(K ,M) | K ∗ ≥ K > k1(L0 + M),M∗ ≥
M > 0}.
Case 1: (K0,M0) ∈ Ω˜2. Along the growth path K˙ > 0, so the aggregate capital increases all the time, but M˙ < 0
at first, then M˙ > 0 for all the time along the growth path as we see in Fig. 1. This shows that there is too much labor
in the industrial sector at the initial time, and the per capita capital and wage rate increase rapidly with increasing
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capital and decreasing labor at first. After a period, the labor in the industrial sector from reducing turns to increasing
and the increasing of the per capita capital and that of the wage rate become slow.
Case 2: (K0,M0) ∈ Ω˜3. For K˙ > 0, M˙ > 0 in this case, both aggregate capital and labor shifts increase all the
time. The growth of the per capita capital and wage rate may decrease or increase rapidly for a short time then turn to
steadily growth.
Case 3: (K0,M0) ∈ Ω˜4. In this case, the labor shifts increase all the time along the growth path and the aggregate
capital decreases at first and then increases all the time along the growth path when (K0,M0) ∈ Ω˜4. This shows that
there is too much capital at the initial time, and the per capita capital and wage rate decrease rapidly then turn to
increasing.
Appendix. The proof of the Lemma 1
From w(k) = f (k)− k f ′(k), we have dwdk = −k f ′′(k) > 0. So, w(k) increases strictly.
By w(k) = k[ f (k)k − f ′(k)] > 0 and f (0) = 0, we obtain limk→0w(k) = 0.
If limk→∞w(k) = w < ∞, then for any given  > 0, there exists k such that w(k) < w +  for k > k. Using the
expression for w(k), we have
f ′(k)
f (k)
= 1
k
− w(k)
k f (k)
. (16)
Integrating both sides of (16) on [k0, k1], k1 > k0 > k, we obtain ln f (k1)− ln f (k0) = ln k1− ln k0−∫ k1k0 w(k)k f (k)dk,
that is,
ln
f (k0)
k0
− ln f (k
1)
k1
=
∫ k1
k0
w(k)
k f (k)
dk. (17)
Since limk→∞ f (k)k = 0, the left side of (17) tends to infinity as k1 →∞.
For
lim
k→∞w(k) = limk→∞ f (k)
[
1− k f
′(k)
f (k)
]
= w <∞,
and limk→∞ f (k) = ∞, we must have limk→∞ k f ′(k)f (k) = 1. So, for any given 1 >  > 0, there exists kˆ,
(1− ) f (k) < k f ′(k) < (1+ ) f (k) when k > kˆ. Taking k0 > max{k, kˆ}, we have∫ k1
k0
w(k)
k f (k)
dk =
∫ k1
k0
w(k) f ′(k)
k f ′(k) f (k)
dk <
w + 
1− 
∫ k1
k0
f ′(k)
f 2(k)
dk = w + 
1− 
(
1
f (k0)
− 1
f (k1)
)
.
Hence, the right side of (17) converges when k1 →∞. This is a contradiction to the left hand side of (17) tending
to infinity as k1 →∞. Therefore, limk→∞w(k) = ∞.
References
[1] A.P. Thirlwall, Growth and Development, Macmillan Press Ltd., 1999.
[2] M. Kejak, Stages of growth in economy development, J. Econom. Dyn. Control 27 (2003) 771–800.
[3] S. Bao, G.H. Chang, J.D. Sachs, W.T. Woo, Geographic factors and China’s regional development under market reforms, 1978–1998, China
Econom. Rev. 13 (2002) 89–111.
[4] J.R. Barro, I.X. Martin, Economic Growth, McGraw-Hill Companies, Inc., New York, 1995.
[5] J. Guckenheimer, P. Holmes, Nonlinear Oscillations, Dynamical Systems, and Bifurcations of Vector Fields, Springer-Verlag, New York, 1983.
